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Abstract—Autonomousvehiclesrequirethe ability to build maps
of an unknavn ervironmentwhile concurrentlyusing thesemaps
for navigation. Currentalgorithmsfor this concurrentmappingand
localization(CML) problemhave beenimplementedor singleve-
hicles,but do not accountfor extra positionalinformationavailable
when multiple vehiclesoperatesimultaneously Multiple vehicles
have the potentialto mapanenvironmentmorequickly androbustly
thana singlevehicle. This paperpresents cooperatie CML algo-
rithm that meigessensorand navigation informationfrom multiple
autonomouwehicles. The algorithmpresenteds basedon stochas-
tic estimatiorandusesafeature-basedpproacho extractlandmarks
from the ervironment. The theoreticaframewvork for the collabora-
tive CML algorithmis presentedanda corvergencetheoremcentral
to the cooperatie CML problemis proved for the £rsttime. This
theoremquantif£eghe performanceaainsof collaborationallowing
for determinatiorof the numberof cooperatingsehiclesrequiredto
accomplishatask. A simulatedmplementatiorof the collaboratve
CML algorithmdemonstratesubstantiaperformancemprovement
over non-cooperatie CML.

I. INTRODUCTION

Successfubperationof an autonomouwehicle re-
quiresthe ability to navigate. Navigation information
consistsof positionalestimatesand an understanding
of the surroundingenvironment. Without this infor-
mation,eventhe simplestof autonomousasksareim-
possible An importantsub£eldwithin mobilerobotics
thatrequiresaccuratenavigationis the performancef
collaboratvetasksby multiple vehicles.Multiple vehi-
clescanfrequentlyperformtasksmorequickly andro-
bustly thana singlevehicle[1], [2]. However, accom-
plishing collaboratie tasksdemandshateachvehicle
be aware of relative locationsof collaboratorsn ad-
dition to the baselineervironmentalknowledge. This
paperconsidergshe problemof performingconcurrent
mappingandlocalization(CML) with ateamof coop-
eratingautonomousehicles.

Thereis alarge literaturein the useof multiple ve-
hicle robotic systemd3]. SinceCML is the union of
navigation andmapping,muchrelevant existing work
is found in the separatesub£eldsof collaboratve lo-
calizationandcollaboratve mapping.

Collaboratve navigation is performedwhen multi-
ple vehiclessharenavigation and sensorinformation
in orderto improve their own position estimatebe-
yond what is possiblewith a single vehicle. Ant-
inspired trail-laying behaiors have beenusedby a
team of mobile robotstasled to navigate towards a

commongoal [4]. Simple collective navigation has
beendemonstratedn simulationusing multiple “car
tographer'robotsthat randomly explore the environ-
ment[5]. Sty [6] performssimple relative localiza-
tion betweencollaboratorsusing directionalbeacons.
Vision-basedcooperatre localization has been per
formedby ateamof vehiclestasledwith cooperatrely
trappingandmoving objects[7]. Trackingvia vision
is alsousedfor relative localizationof collaboratorsn
an autonomousnobile cleaningsystem[8]. In work
by Roumeliotiset al. [9], [10], collaboratve localiza-
tion is performedusinga distributedstochastiestima-
tion algorithm.Cooperatie navigation of autonomous
undervater vehicleshas beenperformedin work by
Singhetal. [11]. Also, two AUVs have demonstrated
collaboratve operatiorusingthesameacoustidbeacon
array[12]. An unmannedelicopterhasuseda vision
sensolto detectcollaboratinggroundvehiclesat glob-
ally known positions,andthuswasableto localizeit-
self[13].

Collaboratve mapping combinessensorinforma-
tion from multiple vehiclesto constructa larger, more
accuratemap. Cooperatie mappingand exploration
with multiple robotsis reportedby Mataric[14] using
behaior-basedcontrol[15]. Map matchingis usedto
combinetopologicalmapsconstructedy multiple ve-
hiclesin work performedby Dedeogluand Sukhatme
[16]. Heterogeneousollaboratie mappinghasalso
beeninvestigated, as such systemscan capitalizeon
specializatiorf17].

In the areaof navigation and mappingby multiple
vehicles,the work of Thrunandcolleaguestandsout
attheforefrontof thecurrentstate-of-the-arftL 8], [19].
SequentiaMonte Carlo methodg20] (alsoknown as
particle £lters) for both multi-robot global localiza-
tion [19] andreal-time CML using SICK laserscan-
ner data. Our work usesa feature-basedepresenta-
tion [21], [22], [23]. Another possibility is to usea
topologicalrepresentatiof24], [25].

This paperreportsthe executionof the logical next
stepin the developmentof CML: a CML algorithm
for useby multiple collaboratingautonomousehicles.
Sharingandcombiningobsenationsof ervironmental
featuresas well as of the collaboratingvehiclescan
greatly enhancethe performanceof CML. This pa-



per demonstrateshe feasibility and bene£tsof col-
laborative CML. Multiple vehiclesperforming CML
togethercan achieve fasterand more thoroughmap-
ping, andproducemprovedrelative (andglobal) posi-
tion estimatesThis paperquantiEesheimprovement
in CML performanceachieved by collaboration,and
compare<ollaboratve versussingle-vehicleCML re-
sultsin simulationto demonstratédhow collaboratve
CML greatly increaseghe navigation capabilitiesof
autonomougehicles.

Il. REVIEW OF SINGLE VEHICLE CML

This sectionreviews stochastianapping(SM), £rst
introducedby Smith, SelfandCheesemaf26], which
provides a theoretical foundation of feature-based
CML. The stochastianappingapproachassumeshat
distinctive stationaryfeaturesin the ervironmentcan
be reliably extracted from sensordata, and capital-
izeson reobseration of thesefeatureso concurrently
localize the vehicle and improve feature estimates.
SM considersCML asa variable-dimensiorstatees-
timation problem, where the state size increasesor
decreasess featuresare addedto or removed from
the map. Assumingn static featuresin the erviron-
ment, the world stateat time k is denotedby a single
statevectorx[k] = [xy[K]" x:[K]"]", wherex,[K]
representghe location of the vehicle, and x; [K] =
Ixs,[K]" ::: x¢, [K]']" representhe locationsof the
ervironmentalfeatures.

Associatedwith the stateestimatex[k] is an esti-

matedcovariancematrix P [k], whichhastheexpanded
form

2 Pw [k] Py [k] P2 [k] Pn [k] 3
Pi [K] Pai[kK] P [K] P 1n [K]
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This equationcontainsthe vehicle (P, [k]) andfea-
ture (Pii [k]) covarianceslocatedon the main diago-
nal. Also containedare the vehicle-feature(P ;i [K])
andfeature-featur€P ;; [k]) crosscorrelationsjocated
ontheoff-diagonals.

Given sensordata, the state estimateand associ-
atedcovariancematrix areupdatedusingan Extended
Kalman Filter (EKF). For a completelisting of the
equationdor thesinglevehicleSM predictionandup-
datestepssee[27], [28].

I1l. SINGLE VEHICLE CML PERFORMANCE
CHARACTERISTICS

This sectionbriery reviews theoremdgrom work by
Newman and Dissanayak [29][30] that characterize
the performancef the singlevehicle CML algorithm,

and will be extendedto the multiple vehicle casein
SectionV.

Theoemlll.1l: Thedeterminanof ary submatrixof
themapcovariancematrix P decreasemonotonically
assuccessie obserationsaremade.

The determinanbf a statecovariancesubmatrixis an
important measureof the overall uncertaintyof the
stateestimateasit is directly proportionalto the vol-
umeof theerrorellipsefor thevehicleor feature.The-
oremlll.1 stateghattheerrorfor ary vehicleorfeature
estimatewill never increaseduring the updatestepof
SM. This makes sensen the contet of the structure
of SM, aserroris addedduringthe predictionstepand
subtractedvia sensorobsenations during the update
step.

Theoemlll.2: In thelimit asthe numberof obser
vationsincreasesthe errorsin estimatedvehicle and
featurelocationsbecomdully correlated.

Not only do individual vehicle and featureerrorsde-
creaseas more obsenations are made, they become
fully correlatedand featureswith the samestructure
(i.e. pointfeaturespcquireidenticalerrors.Intuitively,
thismeanghattherelative positionsof thevehicleand
featurescan be known exactly. The practicalconse-
quenceof this behaior is thatwhenthe exactabsolute
locationof arny onefeatureis providedto thefully cor-
relatedmap,the exactabsolutdocationof the vehicle
or ary otherfeatureis deduced.

While singlevehicleCML producedull correlations
betweerthevehicleandthefeatureqandthuszerorel-
ative error),theabsoluteerrorfor thevehicleandeach
featuredoesnotreduceto zero[29][30].

Theoemlll.3: In thelimit asthe numberof obser
vationsincreasesthe lower boundon the covariance
matrix of the vehicle or ary single featureis deter
minedonly by theinitial vehiclecovarianceatthetime
of theobsenrationof the £rstfeature.

This theoremstatesthat in the single vehicle CML
case,the absoluteerror for the vehicle or single fea-
ture cannever belower thanthe absolutevehicleerror
presenatthetimethe£rstfeatureisinitializedinto the
SM £lter.

IV. EXTENDING CML TO MULTIPLE VEHICLES

In the collaboratve CML algorithm, all of the col-
laboratingvehicle stateestimatesare combinedinto a
singlestatevectorx, [K] = [x4 [K]T xB [k]T @ x [k]IT
where x!, [k] is the vehicle state estimatefor vehi-
clei attime k. As in single vehicle stochastiomap-
ping, the featurestateestimateof the " point land-
markin the environmentat time stepk is represented
by the position estimatexy, [k], generatinga com-



binedfeatureestimatdor this ervironmentof x¢ [K] =
Ixs, K" x¢, [K]" :::x¢, [K]T]". A single combined
stateestimateis then def£nedthat incorporatesall of
thevehicleandfeatureestimatesge£nedas

2 a2
X8 [K]
g X X [K] @
Xt [k] xt, [K]
X+, [K]
Xr, [K]

Theassociatedovariancematrix P[k + 1jk] is main-

tainedwhich representshe £rstorderuncertaintyand

correlationspresentin the x[k + 1jk] stateestimate.
We usesuperscriptedlettersto referencevehiclesand
numbersfor superscriptedfeatures.The generalcol-

laborative CML covariancematrix P canbewritten as
3

2 PAA PAB PAN PAl PAZ PAn
PBA PBB PBN PBl PBZ PBn
pNA pi oW plt pie b
PZLA PlB PlN Pll P12 Pln
PZA PZB PZN P21 PZZ PZn
pia  pre piN  pr pr b

(©)

wherefor exampleP B2 s the crosscorrelationin es-
timatesof thelocationof vehicleB andfeature2.

Oncecollaboratingvehiclesareaddedinto the state
and covariancevectors,the multi-vehicle SM predic-
tion and updateequationstake on the samegeneral
form asthe singlevehicle SM algorithm. For a com-
pletestatemenbf the multi-vehicleSM predictionand
updateequationssee[28].

V. COLLABORATIVE CML PERFORMANCE
ANALYSIS

This sectionpresentghe collaboratve CML exten-
sion of single vehicle SM error corvergenceproper
ties, and quantifesthe best-caseerformanceof col-
laboratve CML. Theseperformanceharacteristicare

vehicles,or eachvehicledirectly obseresits collabo-
rators,all of the vehicleandfeatureestimatevecome
completelycorrelatedwvith eachother

However, the single vehicle CML lower performance
bounddoesnot apply to the collaboratve CML case.
Multiple vehiclesperformingCML togethercanattain
alowerabsoluteerrorthanthesinglevehicleinitial co-
variancewhich boundsthe single vehicle CML case.
Thecollaboratve lower boundis quantifedn thefol-
lowing theorem:

TheoemV.2: In thecollaboratve CML casejn the
limit as the number of obsenrations increases,the
lower boundon the covariancematrix of any vehicle
or ary singlefeatureequalto the inverseof the sum
theinitial collaboratingvehicle covarianceinversesat
thetime of the obsenationof the £rstfeatureor obser
vationof acollaboratingvehicle.

Analysis of the limiting behaior of the statecovari-
ancematrix in the collaboratve caseis performedby
applying the information form of the Kalman £lter
[31]. Thefull proofis introducedin detail by [28],

theintermediaryresultof whichis
PAA [KjK] = limyy  PBB [KjK]
9

= PAA [0]PBB [0] PAA [0]+ PBB [0]

limyiy
1(4)

This resultis the lower performancéoundfor collab-
orative CML with two vehicles. Note thatthe vehicle
covariancedor both vehiclesbecomefully correlated
andthusidentical, supportingTheoremlll.2. A sim-
pler, moreintuitive conceptuatesultis foundby taking
theinverseof Equationd, producinga resultof

PAA T KjK] = limgn  PBB T KjK]
= PA " Y[0]+ PBB 0]

limy
%)

Equation5 makes sensein the context of conser
vation of information. In the generalcase,Pi ! rep-
resentsghe amountof informationpresentin the sys-
tem[31]. Thetotal amountof informationin the sys-
temcannever decreasehut canstayconstanwvhenno
noiseis addedto the system.The sumof information
presentinitially in thesystemis equalto theinverseof
the sumof initial uncorrelatedrehicle positionerrors,

validatedvia simulationin SectionVI. Thetheorems while the amountof information presenTafterinEnite

derived and brieay reviewed in Sectionlll sene the
theoreticalbasisfor analyzingthe performanceof the
collaboratve CML algorithm.

Thefull correlationpropertyof singlevehicle CML
assertedn Theoremlll.2 scalesto the collaboratve
CML caseasthesecondvehicleis, in essencea mov-
ing featurein the SM structure.

TheoemV.1: In the limit asthe numberof obser
vationsincreasesif therearefeaturesobsenedby all

obsenationsaremadeis encapsulateth asinglevehi-
cle positioncovariance.

It is alsoimportantto note that the lower perfor
manceboundfor collaboratve CML is not dependent
ondirectobsenationof onevehicleby another While
directobsenationimprovestherateof covariancecon-
vergence, simple obsenation by both vehiclesof a
commonfeatureis all thatis requiredfor corvergence.

Equation5 scaleseasilyfor collaborationwith more



thantwo vehicles.Assumethatattimet ¥ 1 athird
vehicle C, with a nonzeroinitial covarianceuncorre-
latedwith vehicle A andvehicleB, becomes collab-
orator Thusthelower performancdoundbecomes

PA T[] = PBB T[] = PA T [0]+ PBB (0]
(6)
Since vehicles A and B are fully correlatedat t,

PAA ' t] capturesall of theinformationpresentn ve-
hicle PBB ' "[t]. Thus

. AA i1 . . BB il .
kIlllm P [kjk] kIlllm P [kjk]

lim P " KiK]

= PM ]+ PO

= PA 0]+ P8 [0+ PO It (7)

In the n vehicle case,the lower performancebound
becomes

lim P " KkjK] = lim PBB ' M KjK]
= ee= lim P [KjK]

= PM "lia]+ PP [ig]

+ ¢oe+ PN g (8)

wherei, representshe initial time at which the n™

vehiclestartedcollaboratingassuminghateachvehi-
cle covarianceis initially uncorrelatedwith its collab-
orators.In the caseof homogeneousollaboratingve-
hicles,eachwith identical,initially uncorrelatecerror
estimatessuchthat

PA 0] = P8 [0] = ¢oe= PN [0];  (9)

a relationshipcan be found betweenthe £nal map
covariance and the number of vehicles requiredto
achieve this performancédound,defnedoy;,

lim P " IKjK]
= PA o]+ P8 0]+ eoe+ PN 0]
= nP" '[0]: (10)

Takingthe determinanbf bothsidesandsolvingfor n
producesresultof

_ det(Pdesired i1) .

det(P O] -

wherepP d¢esied s the desiredEnalmaperrot. Thisre-
sultis very usefulfor missionplanningasit allows de-
terminationof how mary vehiclesarerequiredto con-
structamapto adesiredaccurag.
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Fig. 1. Featureandinitial vehiclepositions

V1. COOPERATIVE CML IMPLEMENTATION

This sectionpresent2-D CML simulationresults
that demonstratehe quantitatve CML performance
gainsfrom collaboration.Thesimulationuseswo col-
laboratingvehiclestravelingin concentricsquarespb-
servingeachotheraswell asfour staticpoint features
in the ervironment. In the £rstof two simulationsce-
narios, the vehiclesare given initial uncertaintyand
zeroprocessnoise,demonstratingornvergenceto the
theoreticallower performanceboundstatedby Theo-
remV.2. The secondscenariccomparesinglevehicle
and collaboratve CML performancegiven both pro-
cessnoiseandinitial vehicleuncertainty Tablel sum-
marizesthe global parametersonsistenfor both sce-
narios. Initial vehiclelocations,featurelocations,and
vehiclepathwaypointsarealsokeptconsistent.

TABLE |
COLLABORATIVE CML SIMULATION GLOBAL PARAMETERS

numberof vehicles 2
numberof features 4
samplingperiod 0.2sec.
simulationlength 300sec.
rangemeasuremerstd. dev. 0.2m
bearingmeasuremerstd. dev. | 10dey
vehiclecruisespeed 0.5m/s

A. Coopentive CML Scenario#1

In this scenariothereis no processoiseaddedas
eachvehicle moves. However, eachvehicle hasan
initial positionuncertainty Becauseof the zeroaddi-
tive processoise,deadreckoning error staysconstant
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Fig.2. CCML scenarig#l: positionestimatecomparison

sinceno informationis lost dueto movement.The ex-
tra information provided by the initially uncorrelated
positionof the collaboratingvehicleproducesareduc-
tionin positionuncertaintyasthecollaboratingvehicle
is directly obsened. Tablesl andll summarizehe pa-
rametersusedfor this scenario.

Theinitial startinglocationof bothvehiclesis shavn
by Figurel. A directcomparisorbetweenvehicleand
featureposition errorsat the end of the simulationis
madein Figure2, using3%serrorboundellipses. Fig-
ure 3 shaws plots of the positionandheadingerrorsof
vehicleA versugime, alongwith 3%bounds.

VehicleA positionerroris presentedn determinant
form in Figure 4. Becauseof the zero additive pro-
cessnoise, position error never increases. However,
the single vehicle CML error remainsconstant,sup-
porting Theoremlll.3, which statesthat position un-
certaintyfor single vehicle CML cannever be lower
thantheinitial uncertainty Thisplotalsoclearlyshowvs
thedecreasén collaboratve CML erroruncertaintyto
the theoreticallower boundpredictedby Equation8.
The extra informationprovided by theinitially uncor
relatedposition of the collaboratingvehicle provides
a reductionin position uncertaintyas information is
shared. Note that the collaboratve CML error de-
terminantgeneratedy this simulationis slightly less
thanthatpredicted.This slight overcon£denceanbe
attributed to the linearizationprocessinherentin the
EKF-basedstochastianappingalgorithm. The perfor
manceof vehicle B is similar to vehicle A and thus
vehicleB £guresareexcludedfor brevity.

Figure 5 plots the error estimatefor Featurel in
determinanform. This plot demonstratethe conver-
genceof thefeatureestimatdo thesameuncertaintyas
the collaboratingvehicles,supportingTheoremlll.2.
This plot is representatie of the error performanceof
all four features.

TABLE I
SIMULATION SCENARIO #1 PARAMETERS

X positionprocessioisestd. dev. 0.0m/s
y positionprocessioisestd. dev. 0.0m/s
headingprocessoisestd. dev. 0.0degy/s
velocity processhoisestd. dev. 0.0m/s
initial vehiclex positionuncertaintystd.dev. | 0.2m
initial vehicley positionuncertaintystd.dev. | 0.2m
initial headingpositionuncertaintystd.dev. | 0.0deg
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B. Coopertive CML Scenario#2

This scenariobestsimulatesan actual vehicle im-
plementationas both initial position uncertaintyand



East pos error (m) (3s)

0 50 100 150 200 250 300

North pos error (m) (3s)

0 50 100 150 200 250 300

Heading error (deg) (3s)

150
Time (s)

X Error bound (single CML)
{ Error bound (coll CML)
O  Actual error (single CML)|
O _Actual error (coll CML)

Fig.6. CCML scenarig#2: vehicleA errorcomparison

log[ x,y Error Determinant for Vehicle A ]
—5- Actual det(P): single CML
-6~ Actual det(P): coll CML
—<- det(P) Lower Bound: single CM|
&~ det(P) Lower Bound: coll CML

Wﬁ\ﬂ\ﬂ\mw

I

0 50 100

o
o

&

o
o

log(error determinant)
5

>
o

150 200 250 300
time (sec)

CCML scenarig#2 : vehicleA errordeterminant
log[ x,y Error Determinant for Feature 1]

Fig. 7.

—&- Actual det(P): veh A single CML
—#— Actual det(P): veh B single CML
-~ Actual det(P): coll CML

—*— det(P) Lower Bound: single CML
\ —5~ det(P) Lower Bound: coll CML

A

&

log(error determinant)
&

i

&

0 50 100 200 250 300

150
time (sec)

Fig.8. CCML scenarig#2: featurel errordeterminant

processnoise are present. Tablesl andlll summa-
rize the parametersisedfor this scenario. As in the
£rst scenario,Figures9 and 8 shav the error bound
improvementsmadethrough collaboration. Figure 6
demonstrateghat vehicle position uncertaintystabi-
lizes above the theoreticallower performancebound
in thepresencef processoise.

C. Practical Implementation

The collaboratve CML algorithm hasbeenimple-
mentedusingthe systemdescribedn [32]. In there-
sultsdescribedereandillustratedin £gure10two mo-

TABLE I
SIMULATION SCENARIO #2 PARAMETERS

X positionprocessioisestd. dev. 0.2m/s
y positionprocessioisestd. dev. 0.25m/s
headingprocessoisestd. dev. 0.2deg/s
velocity processhoisestd. dev. 0.0m/s
initial vehiclex positionuncertaintystd.dev. | 0.075m
initial vehicley positionuncertaintystd.dev. | 0.075m
initial headingpositionuncertaintystd. dev. 0.0dgy
Final Est. Vehicle/Feature Locations
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Fig.9. CCML scenarig#2 : positionestimatecomparison

bile B21R robots(B 21a and B 21b) equippedwith a
SICK laserscannerveretele-operatetb move around
anentrancehall of a building. B 21a startedperform-
ing CML asit movedaroundtheworkspaceA minute
or solaterB 21b beganoperatingaugmentinghe map
building processesThe initial uncertaintyin B21a's
positionwassetto zero. That of B 21b however was
setto tensof meters. The joint compatibility branch
andbound(JCBB)dataassociatioralgorithm[33] was
usedby both vehiclesandfacilitatedthe initialization
of B 21binto themapbeingbuilt by B 21a. Theinitial
large uncertaintyof B 21b meantthat the dataassoci-
ation stepimplicitly localizedthe vehicle within the
mapalreadybeingbuilt by theB 21a. TheJCBBalgo-
rithm placesgreatweightonthe mutualconsisteng of
correspondencesetweensetsof featuresand obser
vations. Despitethe presencef grossvehicle uncer
tainty the branchandboundsearchis ableto discount
mutuallyinconsistenbbsenation/featuressociations.
Themostprobablecorrespondenceteducedthelarge
initial uncertaintyin B 21b admitsalargechangen its
stateestimateduringtheensuingkalmanupdatestage.
This representshe localizationof B 21b into the map
re£ninga crudeinitial guess.An alternatve andmore
generabpproachwouldinvolve usingJCBBto testnot
just hypothesizedcorrespondencelsetweenobsena-
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Fig. 10. A snapshobf the outputof arealtimeCCML implementatiorusingtwo mobile B21Rrobots

tions and mappedfeaturesbut also featureto feature
correspondencassingseparatenapsbuilt by separate
vehicles.Thiswork is in progress.

VIlI. CONCLUSION

Currentalgorithmsfor this concurrenimappingand
localization (CML) problemhave beenimplemented
for single vehicles,but do not accountfor extra po-
sitional information available when multiple vehicles
operatesimultaneously This paperintroducedan in-
novative techniquefor combiningsensorreadingsfor
multiple autonomousrehicles,enablingthemto per
form cooperatie CML. In addition,a lower algorith-
mic performancéoundfor collaboratiorhasbeende-
termined,enablingcalculationof the numberof coop-
eratingvehiclesrequiredto accomplisha given task.
This quanti£edntuitive performancebene£tshatre-
sultfrom usingmorethanonevehiclefor mappingand
navigation,which werevalidatedin simulation.
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