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Abstract—Autonomousvehiclesrequiretheability to build maps
of an unknown environmentwhile concurrentlyusing thesemaps
for navigation. Currentalgorithmsfor this concurrentmappingand
localization(CML) problemhave beenimplementedfor singleve-
hicles,but do not accountfor extra positionalinformationavailable
when multiple vehiclesoperatesimultaneously. Multiple vehicles
have thepotentialto mapanenvironmentmorequickly androbustly
thana singlevehicle. This paperpresentsa cooperative CML algo-
rithm thatmergessensorandnavigation informationfrom multiple
autonomousvehicles.Thealgorithmpresentedis basedon stochas-
tic estimationandusesafeature-basedapproachtoextractlandmarks
from theenvironment.Thetheoreticalframework for thecollabora-
tiveCML algorithmis presented,andaconvergencetheoremcentral
to the cooperative CML problemis proved for the £rst time. This
theoremquanti£estheperformancegainsof collaboration,allowing
for determinationof thenumberof cooperatingvehiclesrequiredto
accomplisha task.A simulatedimplementationof thecollaborative
CML algorithmdemonstratessubstantialperformanceimprovement
overnon-cooperativeCML.

I . INTRODUCTION

Successfuloperationof an autonomousvehicle re-
quirestheability to navigate. Navigation information
consistsof positionalestimatesandan understanding
of the surroundingenvironment. Without this infor-
mation,eventhesimplestof autonomoustasksareim-
possible.An importantsub£eldwithin mobilerobotics
thatrequiresaccuratenavigationis theperformanceof
collaborativetasksbymultiplevehicles.Multiple vehi-
clescanfrequentlyperformtasksmorequickly andro-
bustly thana singlevehicle[1], [2]. However, accom-
plishingcollaborative tasksdemandsthateachvehicle
be aware of relative locationsof collaboratorsin ad-
dition to thebaselineenvironmentalknowledge. This
paperconsiderstheproblemof performingconcurrent
mappingandlocalization(CML) with a teamof coop-
eratingautonomousvehicles.

Thereis a large literaturein theuseof multiple ve-
hicle robotic systems[3]. SinceCML is the union of
navigationandmapping,muchrelevantexisting work
is found in the separatesub£eldsof collaborative lo-
calizationandcollaborative mapping.

Collaborative navigation is performedwhenmulti-
ple vehiclessharenavigation and sensorinformation
in order to improve their own position estimatebe-
yond what is possiblewith a single vehicle. Ant-
inspired trail-laying behaviors have beenusedby a
team of mobile robots tasked to navigate towards a

commongoal [4]. Simple collective navigation has
beendemonstratedin simulationusingmultiple `car-
tographer'robotsthat randomlyexplore the environ-
ment [5]. Sty [6] performssimple relative localiza-
tion betweencollaboratorsusingdirectionalbeacons.
Vision-basedcooperative localization has been per-
formedby ateamof vehiclestaskedwith cooperatively
trappingandmoving objects[7]. Trackingvia vision
is alsousedfor relative localizationof collaboratorsin
an autonomousmobile cleaningsystem[8]. In work
by Roumeliotiset al. [9], [10], collaborative localiza-
tion is performedusingadistributedstochasticestima-
tion algorithm.Cooperative navigationof autonomous
underwater vehicleshasbeenperformedin work by
Singhet al. [11]. Also, two AUVs have demonstrated
collaborativeoperationusingthesameacousticbeacon
array[12]. An unmannedhelicopterhasuseda vision
sensorto detectcollaboratinggroundvehiclesat glob-
ally known positions,andthuswasableto localizeit-
self [13].

Collaborative mapping combinessensorinforma-
tion from multiple vehiclesto constructa larger, more
accuratemap. Cooperative mappingand exploration
with multiple robotsis reportedby Mataric [14] using
behavior-basedcontrol [15]. Map matchingis usedto
combinetopologicalmapsconstructedby multipleve-
hiclesin work performedby DedeogluandSukhatme
[16]. Heterogeneouscollaborative mappinghasalso
beeninvestigated,as suchsystemscan capitalizeon
specialization[17].

In the areaof navigation andmappingby multiple
vehicles,thework of Thrunandcolleaguesstandsout
attheforefrontof thecurrentstate-of-the-art[18], [19].
SequentialMonte Carlo methods[20] (alsoknown as
particle £lters) for both multi-robot global localiza-
tion [19] and real-timeCML usingSICK laserscan-
ner data. Our work usesa feature-basedrepresenta-
tion [21], [22], [23]. Another possibility is to usea
topologicalrepresentation[24], [25].

This paperreportstheexecutionof the logical next
step in the developmentof CML: a CML algorithm
for useby multiplecollaboratingautonomousvehicles.
Sharingandcombiningobservationsof environmental
featuresas well as of the collaboratingvehiclescan
greatly enhancethe performanceof CML. This pa-



per demonstratesthe feasibility and bene£tsof col-
laborative CML. Multiple vehiclesperformingCML
togethercan achieve fasterand more thoroughmap-
ping,andproduceimprovedrelative (andglobal)posi-
tion estimates.This paperquanti£esthe improvement
in CML performanceachieved by collaboration,and
comparescollaborative versussingle-vehicleCML re-
sults in simulationto demonstratehow collaborative
CML greatly increasesthe navigation capabilitiesof
autonomousvehicles.

I I . REVIEW OF SINGLE VEHICLE CML

This sectionreviews stochasticmapping(SM), £rst
introducedby Smith,Self andCheeseman[26], which
provides a theoretical foundation of feature-based
CML. Thestochasticmappingapproachassumesthat
distinctive stationaryfeaturesin the environmentcan
be reliably extracted from sensordata, and capital-
izeson reobservationof thesefeaturesto concurrently
localize the vehicle and improve feature estimates.
SM considersCML asa variable-dimensionstatees-
timation problem, where the statesize increasesor
decreasesas featuresare addedto or removed from
the map. Assumingn static featuresin the environ-
ment,the world stateat time k is denotedby a single
statevector x[k] = [x v [k]T x f [k]T ]T , wherex v [k]
representsthe location of the vehicle, and x f [k] =
[x f 1 [k]T : : : x f n [k]T ]T representthe locationsof the
environmentalfeatures.

Associatedwith the stateestimatex[k] is an esti-
matedcovariancematrixP[k], whichhastheexpanded
form

P [k ] =
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: (1)

This equationcontainsthe vehicle (P vv [k]) and fea-
ture (P ii [k]) covarianceslocatedon the main diago-
nal. Also containedare the vehicle-feature(P vi [k])
andfeature-feature(P ij [k]) crosscorrelations,located
on theoff-diagonals.

Given sensordata, the stateestimateand associ-
atedcovariancematrix areupdatedusinganExtended
Kalman Filter (EKF). For a completelisting of the
equationsfor thesinglevehicleSM predictionandup-
datesteps,see[27], [28].

I I I . SINGLE VEHICLE CML PERFORMANCE

CHARACTERISTICS

This sectionbrie¤yreviews theoremsfrom work by
Newman and Dissanayake [29][30] that characterize
theperformanceof thesinglevehicleCML algorithm,

and will be extendedto the multiple vehicle casein
SectionV.

TheoremIII.1: Thedeterminantof any submatrixof
themapcovariancematrix P decreasesmonotonically
assuccessive observationsaremade.
Thedeterminantof a statecovariancesubmatrixis an
important measureof the overall uncertaintyof the
stateestimate,asit is directly proportionalto thevol-
umeof theerrorellipsefor thevehicleor feature.The-
oremIII.1 statesthattheerrorfor any vehicleor feature
estimatewill never increaseduring the updatestepof
SM. This makessensein the context of the structure
of SM, aserroris addedduringthepredictionstepand
subtractedvia sensorobservationsduring the update
step.

TheoremIII.2: In the limit asthenumberof obser-
vationsincreases,the errorsin estimatedvehicleand
featurelocationsbecomefully correlated.
Not only do individual vehicleandfeatureerrorsde-
creaseas more observationsare made,they become
fully correlatedand featureswith the samestructure
(i.e. pointfeatures)acquireidenticalerrors.Intuitively,
thismeansthattherelativepositionsof thevehicleand
featurescan be known exactly. The practicalconse-
quenceof thisbehavior is thatwhentheexactabsolute
locationof any onefeatureis providedto thefully cor-
relatedmap,theexactabsolutelocationof thevehicle
or any otherfeatureis deduced.

WhilesinglevehicleCML producesfull correlations
betweenthevehicleandthefeatures(andthuszerorel-
ative error),theabsoluteerrorfor thevehicleandeach
featuredoesnot reduceto zero[29][30].

TheoremIII.3: In the limit asthenumberof obser-
vationsincreases,the lower boundon the covariance
matrix of the vehicle or any single featureis deter-
minedonly by theinitial vehiclecovarianceat thetime
of theobservationof the£rstfeature.
This theoremstatesthat in the single vehicle CML
case,the absoluteerror for the vehicleor single fea-
turecannever belower thantheabsolutevehicleerror
presentat thetimethe£rstfeatureis initializedinto the
SM £lter.

IV. EXTENDING CML TO MULTIPLE VEHICLES

In the collaborative CML algorithm,all of the col-
laboratingvehiclestateestimatesarecombinedinto a
singlestatevectorx v [k] = [xA

v [k]T xB
v [k]T : : : xN

v [k]]T ,
where x i

v [k] is the vehicle state estimatefor vehi-
cle i at time k. As in singlevehiclestochasticmap-
ping, the featurestateestimateof the j th point land-
mark in theenvironmentat time stepk is represented
by the position estimatex f j [k], generatinga com-



binedfeatureestimatefor this environmentof x f [k] =
[x f 1 [k]T x f 2 [k]T : : : x f n [k]T ]T . A single combined
stateestimateis then de£nedthat incorporatesall of
thevehicleandfeatureestimates,de£nedas

x[k] =
·

x v [k]
x f [k]
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Theassociatedcovariancematrix P[k + 1jk] is main-
tainedwhich representsthe£rstorderuncertaintyand
correlationspresentin the x[k + 1jk] stateestimate.
We usesuper-scriptedlettersto referencevehiclesand
numbersfor super-scriptedfeatures.The generalcol-
laborativeCML covariancematrixP canbewrittenas
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wherefor exampleP B2 is thecrosscorrelationin es-
timatesof thelocationof vehicleB andfeature2.

Oncecollaboratingvehiclesareaddedinto thestate
andcovariancevectors,the multi-vehicleSM predic-
tion and updateequationstake on the samegeneral
form asthe singlevehicleSM algorithm. For a com-
pletestatementof themulti-vehicleSM predictionand
updateequations,see[28].

V. COLLABORATIVE CML PERFORMANCE

ANALYSIS

This sectionpresentsthecollaborative CML exten-
sion of single vehicle SM error convergenceproper-
ties, andquanti£esthe best-caseperformanceof col-
laborativeCML. Theseperformancecharacteristicsare
validatedvia simulationin SectionVI. The theorems
derived and brie¤y reviewed in SectionIII serve the
theoreticalbasisfor analyzingthe performanceof the
collaborative CML algorithm.

Thefull correlationpropertyof singlevehicleCML
assertedin TheoremIII.2 scalesto the collaborative
CML case,asthesecondvehicleis, in essence,amov-
ing featurein theSM structure.

TheoremV.1: In the limit as the numberof obser-
vationsincreases,if therearefeaturesobservedby all

vehicles,or eachvehicledirectly observesits collabo-
rators,all of thevehicleandfeatureestimatesbecome
completelycorrelatedwith eachother.
However, the singlevehicleCML lower performance
bounddoesnot apply to the collaborative CML case.
Multiple vehiclesperformingCML togethercanattain
alowerabsoluteerrorthanthesinglevehicleinitial co-
variancewhich boundsthe singlevehicleCML case.
Thecollaborative lower boundis quanti£edin thefol-
lowing theorem:

TheoremV.2: In thecollaborative CML case,in the
limit as the number of observations increases,the
lower boundon the covariancematrix of any vehicle
or any single featureequalto the inverseof the sum
the initial collaboratingvehiclecovarianceinversesat
thetimeof theobservationof the£rstfeatureor obser-
vationof acollaboratingvehicle.
Analysisof the limiting behavior of the statecovari-
ancematrix in the collaborative caseis performedby
applying the information form of the Kalman £lter
[31]. The full proof is introducedin detail by [28],
theintermediaryresultof which is

lim k !1 P AA [kjk] = lim k !1 P BB [kjk]

= P AA [0]P BB [0]
£

P AA [0] + P BB [0]
¤¡ 1

: (4)

This resultis thelower performanceboundfor collab-
orative CML with two vehicles.Note that thevehicle
covariancesfor both vehiclesbecomefully correlated
andthusidentical,supportingTheoremIII.2. A sim-
pler, moreintuitiveconceptualresultis foundby taking
theinverseof Equation4, producinga resultof

lim k !1 P AA ¡ 1
[kjk] = lim k !1 P BB ¡ 1

[kjk]

= P AA ¡ 1
[0] + P BB ¡ 1

[0] : (5)

Equation5 makes sensein the context of conser-
vation of information. In the generalcase,P ¡ 1 rep-
resentsthe amountof informationpresentin the sys-
tem[31]. The total amountof informationin thesys-
temcannever decrease,but canstayconstantwhenno
noiseis addedto thesystem.Thesumof information
presentinitially in thesystemis equalto theinverseof
thesumof initial uncorrelatedvehiclepositionerrors,
while the amountof informationpresentafter in£nite
observationsaremadeis encapsulatedin asinglevehi-
clepositioncovariance.

It is also important to note that the lower perfor-
manceboundfor collaborative CML is not dependent
ondirectobservationof onevehicleby another. While
directobservationimprovestherateof covariancecon-
vergence,simple observation by both vehiclesof a
commonfeatureis all thatis requiredfor convergence.

Equation5 scaleseasilyfor collaborationwith more



thantwo vehicles.Assumethatat time t ¼ 1 a third
vehicleC, with a nonzeroinitial covarianceuncorre-
latedwith vehicleA andvehicleB, becomesa collab-
orator. Thusthelowerperformanceboundbecomes

P AA ¡ 1
[t ] = P BB ¡ 1

[t ] = P AA ¡ 1
[0] + P BB ¡ 1

[0] :
(6)

Since vehicles A and B are fully correlatedat t ,
P AA ¡ 1

[t ] capturesall of theinformationpresentin ve-
hicleP BB ¡ 1

[t ]. Thus

lim
k !1

P AA ¡ 1
[kjk] = lim

k !1
P BB ¡ 1

[kjk]

= lim
k !1

P CC ¡ 1
[kjk]

= P AA ¡ 1
[t ] + P CC ¡ 1

[t ]

= P AA ¡ 1
[0] + P BB ¡ 1

[0] + P CC ¡ 1
[t ] : (7)

In the n vehicle case,the lower performancebound
becomes

lim
k !1

P AA ¡ 1
[kjk] = lim

k !1
P BB ¡ 1

[kjk]

= ¢¢¢= lim
k !1

P NN ¡ 1
[kjk]

= P AA ¡ 1
[iA ] + P BB ¡ 1

[iB ]

+ ¢¢¢+ P NN ¡ 1
[iN ] ; (8)

wherein representsthe initial time at which the n th

vehiclestartedcollaborating,assumingthateachvehi-
cle covarianceis initially uncorrelatedwith its collab-
orators.In thecaseof homogeneouscollaboratingve-
hicles,eachwith identical,initially uncorrelatederror
estimates,suchthat

P AA [0] = P BB [0] = ¢¢¢= P NN [0] ; (9)

a relationshipcan be found betweenthe £nal map
covarianceand the number of vehicles required to
achieve thisperformancebound,de£nedby,

lim
k !1

P ¯nal ¡ 1
[kjk]

= P AA ¡ 1
[0] + P BB ¡ 1

[0] + ¢¢¢+ P NN ¡ 1
[0] ;

= nP NN ¡ 1
[0] : (10)

Takingthedeterminantof bothsidesandsolvingfor n
producesa resultof

n =
det(P desired ¡ 1

)
det(P NN ¡ 1 [0])

; (11)

whereP desired is thedesired£nalmaperror. This re-
sult is veryusefulfor missionplanningasit allowsde-
terminationof how many vehiclesarerequiredto con-
structamapto adesiredaccuracy.

Fig. 1. Featureandinitial vehiclepositions

VI. COOPERATIVE CML IMPLEMENTATION

This sectionpresents2-D CML simulationresults
that demonstratethe quantitative CML performance
gainsfrom collaboration.Thesimulationusestwo col-
laboratingvehiclestraveling in concentricsquares,ob-
servingeachotheraswell asfour staticpoint features
in theenvironment. In the£rstof two simulationsce-
narios, the vehiclesare given initial uncertaintyand
zeroprocessnoise,demonstratingconvergenceto the
theoreticallower performanceboundstatedby Theo-
remV.2. Thesecondscenariocomparessinglevehicle
and collaborative CML performancegiven both pro-
cessnoiseandinitial vehicleuncertainty. TableI sum-
marizestheglobalparametersconsistentfor bothsce-
narios. Initial vehiclelocations,featurelocations,and
vehiclepathwaypointsarealsokeptconsistent.

TABLE I

COLLABORATIVE CML SIMULATION GLOBAL PARAMETERS

numberof vehicles 2
numberof features 4
samplingperiod 0.2sec.
simulationlength 300sec.
rangemeasurementstd.dev. 0.2m
bearingmeasurementstd.dev. 10deg
vehiclecruisespeed 0.5m/s

A. CooperativeCML Scenario#1

In this scenario,thereis no processnoiseaddedas
eachvehicle moves. However, eachvehicle has an
initial positionuncertainty. Becauseof the zeroaddi-
tive processnoise,deadreckoningerrorstaysconstant
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Fig. 2. CCML scenario#1 : positionestimatecomparison

sinceno informationis lost dueto movement.Theex-
tra informationprovided by the initially uncorrelated
positionof thecollaboratingvehicleproducesa reduc-
tion in positionuncertaintyasthecollaboratingvehicle
is directlyobserved.TablesI andII summarizethepa-
rametersusedfor thisscenario.

Theinitial startinglocationof bothvehiclesisshown
by Figure1. A directcomparisonbetweenvehicleand
featurepositionerrorsat the endof the simulationis
madein Figure2, using3¾errorboundellipses.Fig-
ure3 shows plotsof thepositionandheadingerrorsof
vehicleA versustime,alongwith 3¾bounds.

VehicleA positionerroris presentedin determinant
form in Figure 4. Becauseof the zero additive pro-
cessnoise,position error never increases.However,
the single vehicle CML error remainsconstant,sup-
porting TheoremIII.3, which statesthat positionun-
certaintyfor singlevehicleCML cannever be lower
thantheinitial uncertainty. Thisplot alsoclearlyshows
thedecreasein collaborative CML erroruncertaintyto
the theoreticallower boundpredictedby Equation8.
Theextra informationprovidedby the initially uncor-
relatedpositionof the collaboratingvehicleprovides
a reductionin position uncertaintyas information is
shared. Note that the collaborative CML error de-
terminantgeneratedby this simulationis slightly less
thanthatpredicted.This slight overcon£dencecanbe
attributed to the linearizationprocessinherentin the
EKF-basedstochasticmappingalgorithm.Theperfor-
manceof vehicle B is similar to vehicle A and thus
vehicleB £guresareexcludedfor brevity.

Figure 5 plots the error estimatefor Feature1 in
determinantform. This plot demonstratestheconver-
genceof thefeatureestimateto thesameuncertaintyas
the collaboratingvehicles,supportingTheoremIII.2.
This plot is representative of theerrorperformanceof
all four features.

TABLE II

SIMULATION SCENARIO #1 PARAMETERS

x positionprocessnoisestd.dev. 0.0m/s
y positionprocessnoisestd.dev. 0.0m/s
headingprocessnoisestd.dev. 0.0deg/s
velocityprocessnoisestd.dev. 0.0m/s
initial vehiclex positionuncertaintystd.dev. 0.2m
initial vehicley positionuncertaintystd.dev. 0.2m
initial headingpositionuncertaintystd.dev. 0.0deg
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Fig. 4. CCML scenario#1 : vehicleA errordeterminant
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Fig. 5. CCML scenario#1 : feature1 errordeterminant

B. CooperativeCML Scenario#2

This scenariobestsimulatesan actualvehicle im-
plementation,asboth initial positionuncertaintyand
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Fig. 6. CCML scenario#2 : vehicleA errorcomparison
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Fig. 7. CCML scenario#2 : vehicleA errordeterminant
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Fig. 8. CCML scenario#2 : feature1 errordeterminant

processnoiseare present. TablesI and III summa-
rize the parametersusedfor this scenario. As in the
£rst scenario,Figures9 and 8 show the error bound
improvementsmadethroughcollaboration. Figure 6
demonstratesthat vehicle position uncertaintystabi-
lizes above the theoreticallower performancebound
in thepresenceof processnoise.

C. Practical Implementation

The collaborative CML algorithmhasbeenimple-
mentedusingthe systemdescribedin [32]. In the re-
sultsdescribedhereandillustratedin £gure10twomo-

TABLE III

SIMULATION SCENARIO #2 PARAMETERS

x positionprocessnoisestd.dev. 0.2m/s
y positionprocessnoisestd.dev. 0.25m/s
headingprocessnoisestd.dev. 0.2deg/s
velocityprocessnoisestd.dev. 0.0m/s
initial vehiclex positionuncertaintystd.dev. 0.075m
initial vehicley positionuncertaintystd.dev. 0.075m
initial headingpositionuncertaintystd.dev. 0.0deg
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Fig. 9. CCML scenario#2 : positionestimatecomparison

bile B21R robots(B 21a andB 21b) equippedwith a
SICK laserscannerweretele-operatedto movearound
anentrancehall of a building. B 21a startedperform-
ing CML asit movedaroundtheworkspace.A minute
or solaterB 21bbeganoperating,augmentingthemap
building processes.The initial uncertaintyin B 21a's
positionwasset to zero. That of B 21b however was
set to tensof meters. The joint compatibility branch
andbound(JCBB)dataassociationalgorithm[33] was
usedby both vehiclesandfacilitatedthe initialization
of B 21b into themapbeingbuilt by B 21a. Theinitial
large uncertaintyof B 21b meantthat the dataassoci-
ation step implicitly localizedthe vehicle within the
mapalreadybeingbuilt by theB 21a. TheJCBBalgo-
rithm placesgreatweighton themutualconsistency of
correspondencesbetweensetsof featuresand obser-
vations. Despitethe presenceof grossvehicleuncer-
tainty thebranchandboundsearchis ableto discount
mutuallyinconsistentobservation/featureassociations.
Themostprobablecorrespondencesdeduced,thelarge
initial uncertaintyin B 21badmitsa largechangein its
stateestimateduringtheensuingKalmanupdatestage.
This representsthe localizationof B 21b into the map
re£ninga crudeinitial guess.An alternative andmore
generalapproachwouldinvolveusingJCBBto testnot
just hypothesizedcorrespondencesbetweenobserva-



Fig. 10. A snapshotof theoutputof a realtimeCCML implementationusingtwo mobileB21Rrobots

tions andmappedfeaturesbut also featureto feature
correspondencesusingseparatemapsbuilt by separate
vehicles.Thiswork is in progress.

VI I . CONCLUSION

Currentalgorithmsfor this concurrentmappingand
localization(CML) problemhave beenimplemented
for single vehicles,but do not accountfor extra po-
sitional informationavailablewhenmultiple vehicles
operatesimultaneously. This paperintroducedan in-
novative techniquefor combiningsensorreadingsfor
multiple autonomousvehicles,enablingthem to per-
form cooperative CML. In addition,a lower algorith-
mic performanceboundfor collaborationhasbeende-
termined,enablingcalculationof thenumberof coop-
eratingvehiclesrequiredto accomplisha given task.
This quanti£esintuitive performancebene£tsthat re-
sult from usingmorethanonevehiclefor mappingand
navigation,whichwerevalidatedin simulation.
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